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Abstract
This article deals with rotating magnetohydrodynamic flows of a thin stratified
layer of astrophysical plasma in a gravitational field with a free-surface in a verti-
cal external magnetic field. Magnetohydrodynamic equations are obtained in the
two-layer shallow water approximation in an external magnetic field when plasma
is divided into two layers of different densities. In the beta-plane approximation
a system of shallow water equations for rotating stratified plasma in an external
magnetic field is obtained. For stationary initial conditions in the form of vertical
or horizontal magnetic field a linear theory has been developed and solutions have
been found in the form of magneto-Rossby waves with modifications to them de-
scribing the effects of stratification. A qualitative analysis of the dispersion curves
shows the presence of three-wave nonlinear interactions of magneto-Rossby waves
for each of the stationary solutions. The appearance of parametric instabilities is
shown and their increments are found.
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1 Introduction
The magnetohydrodynamic shallow water theory is important for describing large-scale
processes in rotating flows of astrophysical plasma. Shallow water approximation in
plasma magnetohydrodynamics is used to describe solar tachocline [1]-[6] atmospheres
of exoplanets [7], atmospheric dynamics of neutron stars [8]-[9], and accreting matter
flows in the neutron stars [9]-[10]. Practically, we deal with the development of ideas
of geophysical hydrodynamics for rotating plasma, taking into account the significant
differences in the behavior of plasma flows due to the presence of magnetic field.
Flows in plasma astrophysics, as well as flows in geophysics, are usually stratified.
This work is devoted to the study of the fundamental role of stratification in astrophysi-
cal plasma flows. It should be noted, that the complete system of magnetohydrodynamic
equations of a stratified plasma is complicated both for theoretical analysis and for nu-
merical simulations. Useful model for continuous stratification plasma is superimposed
n-layers of different densities [12]-[13]. In this article we propose the magnetohydrody-
namic equations of stratified plasma in external magnetic field in two-layer shallow water
approximation. Equations obtained in [14]-[16] are generalized here to the case of a thin
rotating stratified layer of plasma with a free-surface in an external vertical magnetic
field. Two systems of equations are obtained: equations including full Coriolis force and
equations in the beta-plane approximation. The simplified magnetohydrodynamic shal-
low water equations obtained in this work represent the only self-consistent possibility of
taking into account the presence of an external vertical magnetic field and stratification.
The two-layer magnetohydrodynamic shallow water equations play the same important
role in space and astrophysical stratified plasma as the classical shallow water equations
in the hydrodynamics of neutral stratified fluid [17]. Accounting for stratification in
magnetohydrodynamic models of rotating plasma is important for analysis of R-mode
oscillations in rotating stars and in the Sun [18]-[20], and significantly increases the possi-
bility of interpreting the available observational data for large-scale Rossby waves on the
Sun [21]-[24].
In our work we use the developed two-layer shallow water theory of magnetohydro-
dynamic flows on beta-plane to study magneto-Rossby waves [15],[25]. Magneto-Rossby
waves are large-scale waves arising from the latitudinal inhomogeneities of the Coriolis
force for the spherical case. Rossby waves determine the large-scale dynamics of the Sun
and stars [26]-[29], tidally locked magnetoactive atmospheres of exoplanets [7], and flows
in accretion disks and in atmospheres of neutron stars [9], [31]. In addition, the Rossby
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waves play a decisive role in the emergence of zonal flows in two-dimensional magnetohy-
drodynamic turbulence and in Earth’s interiors [32]-[34]. Large-scale Rossby waves in a
neutral fluid determine the global dynamics of planetary atmospheres and are the subject
of numerous studies in geophysical fluid dynamics [17], [30], [35]. In the case of astrophys-
ical plasma flows, the theory of Rossby waves is significantly complicated by the presence
of a magnetic field; therefore, main results on magneto-Rossby waves are obtained in a
linear approximation [3], [9], [28]-[29] using the shallow water magnetohydrodynamic the-
ory. Worth of note are important studies on the development of the nonlinear theory of
magneto-Rossby waves [15], [36] as well as magneto-Rossby wave theory for the case of
compressible shallow water flows [37]. All the listed phenomena in plasma astrophysics
are obtained on the basis of the magnetohydrodynamic shallow water approximation in a
plasma without taking into account stratification.
In the present work the dispersion laws of magneto-Rossby waves are obtained both in
an external vertical magnetic field and in a horizontal magnetic field taking into account
density stratification using the developed two-layer magnetohydrodynamic shallow water
theory on beta-plane. It was found that the modifications to magneto-Rossby waves as-
sociated with stratification change the waves phase and group velocities. The satisfaction
of the phase matching condition for three interacting magneto-Rossby waves is shown
and equations of nonlinear interaction are obtained both in the case of the presence of
an external magnetic field, and in the case of its absence. Derived coefficients of wave
interaction differ from the coefficients in the single layer model equations [15] by the pres-
ence of terms related to the difference in densities of plasma layers. The possibility of
parametric instabilities is shown and their increments are obtained. The results obtained
in our study for magnetic Rossby waves in the presence of stratification are significant for
understanding the dynamics of various astrophysical objects. For example, they allow to
detail the wave dynamics of the solar tachocline and the interaction of processes in the
tachocline with solar activity and, thus, to advance predictions and analyzing of the solar
seasons formation [4]-[5], [21], [23]-[24], [26].
In section 2, the magnetohydrodynamic equations for rotating stratified plasma are
obtained in the two-layer shallow water approximation in an external magnetic field.
In section 3, the equations obtained are generalized to the case of spherical flows on
beta-plane, and solutions have been found in the form of magneto-Rossby waves with
modifications describing effects of stratification. In section 4 it is shown, that the phase
matching condition is satisfied for the obtained dispersion relations, the equations of
three-wave interaction and the characteristics of parametric instabilities are obtained.
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2 Two-layer magnetohydrodynamic shallow water equa-
tions in an external magnetic field.
Here we derive the magnetohydrodynamic equations describing a stratified plasma in the
two-layer shallow water approximation. We take three-dimensional system of magneto-
hydrodynamic equations for a rotating incompressible plasma in a gravitational field as
initial equations:
𝜌
𝜕u
𝜕𝑡
+ 𝜌(u∇)u = −∇𝑝− [BrotB]
4𝜋
− 𝜌[fu] + 𝜌g, (1)
𝜕B
𝜕𝑡
= rot [uB], (2)
divu = 0, (3)
divB = 0, (4)
In (1) - (4) ?⃗? - velocity vector, ?⃗? - magnetic field strength vector, 𝜌 - density, f =
(0,0,𝑓), 𝑓 = 2Ω sin 𝜃 - Coriolis parameter, Ω - angular velocity of rotation, 𝜃 - latitude,
g = (0,0,− 𝑔) - gravity acceleration, 𝑝 - total pressure. The first equation in the system
is the momentum equation, the second is the equation for magnetic field, the third is the
velocity field divergence-free condition, and the fourth is the magnetic field divergence-free
condition. Since the free-surface is not strictly horizontal, imposing of vertical magnetic
field physically can lead to stresses perpendicular to the surface. Though in present
work we use shallow water approximation and we consider horizontal flow scales large
comparing with vertical scales. It allows us to neglect all vertical disturbances due to
their smallness ∼ ℎ/𝐿.
We consider the flow of a thin stratified plasma layer with a free-surface in a uniform
gravity field, in a rotating frame, in the presence of an external vertical magnetic field 𝐵0
(Fig. 1).
We divide a thin layer of plasma of height ℎ2 into two layers: the bottom layer of height
ℎ1 with a constant density 𝜌1 and the top layer of height ∆ℎ = ℎ2 − ℎ1 with a constant
density 𝜌2. Writing down initial system (1) - (4) for each of the layers, we integrate it over
the height ℎ1 for the bottom layer and over the height ∆ℎ for the top layer. We consider
the heights of each layer to be much less than the characteristic horizontal scales. In this
case, neglecting vertical accelerations, the total pressure (the sum of fluid and magnetic
pressure) is considered hydrostatic. As a result, magnetohydrodynamic equations are
obtained for two layers of plasma with different density in shallow water approximation
in an external vertical magnetic field.
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Figure 1: Geometry of the layer.
Let us rewrite equations (1) and (2) for each layer in the matrix form.
𝜕𝑡
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
𝜌𝑖𝑢1𝑖
𝜌𝑖𝑢2𝑖
𝜌𝑖𝑢3𝑖
?˜?1𝑖
?˜?2𝑖
?˜?3𝑖
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+𝜕𝑥
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
𝜌𝑖𝑢
2
1𝑖 − ?˜?21𝑖 + 𝑝𝑖
𝜌𝑖𝑢1𝑖𝑢2𝑖 − ?˜?1𝑖?˜?2𝑖
𝜌1𝑢1𝑖𝑢3𝑖 − ?˜?1𝑖?˜?3𝑖
0
𝑢1𝑖?˜?2𝑖 − 𝑢2𝑖?˜?1𝑖
𝑢1𝑖?˜?3𝑖 − 𝑢3𝑖?˜?1𝑖
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+𝜕𝑦
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
𝜌𝑖𝑢1𝑖𝑢2𝑖 − ?˜?1𝑖?˜?2𝑖
𝜌𝑖𝑢
2
2𝑖 − ?˜?22𝑖 + 𝑝𝑖
𝜌𝑖𝑢2𝑖𝑢3𝑖 − ?˜?2𝑖?˜?3𝑖
𝑢2𝑖?˜?1𝑖 − 𝑢1𝑖?˜?2𝑖
0
𝑢2𝑖?˜?3𝑖 − 𝑢3𝑖?˜?2𝑖
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
+𝜕𝑧
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
𝜌𝑖𝑢1𝑖𝑢3𝑖 − ?˜?1𝑖?˜?3𝑖
𝜌𝑖𝑢2𝑖𝑢3𝑖 − ?˜?2𝑖?˜?3𝑖
𝜌𝑖𝑢
2
3𝑖 − ?˜?23𝑖 + 𝑝𝑖
𝑢3𝑖?˜?1𝑖 − 𝑢1𝑖?˜?3𝑖
𝑢31?˜?2𝑖 − 𝑢2𝑖?˜?3𝑖
0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
𝜌𝑖𝑓𝑢2𝑖
−𝜌𝑖𝑓𝑢1𝑖
−𝜌𝑖𝑔
0
0
0
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(5)
In (5) 𝜌𝑖 – density of the layer, 𝑝𝑖 = 𝑝𝑖 +
𝐵2𝑖
8𝜋
– magnetohydrostatic pressure in the layer,
?˜?1𝑖, ?˜?2𝑖, ?˜?3𝑖 – components of the magnetic field in the bottom layer (B˜
2 = 1
4𝜋
B2), 𝑢1𝑖,
𝑢2𝑖, 𝑢3𝑖 – components of the velocity field in the layer, index 𝑖 = 1 corresponds to the
bottom layer, and index 𝑖 = 2 corresponds to the top layer.
Let us write the boundary conditions for each layer of plasma in an external vertical
magnetic field. The boundary conditions for the velocity field are following:
𝑢3|𝑧=0 = 0, (6)
𝑢3|𝑧=ℎ𝑖 = 𝜕𝑡ℎ𝑖 + 𝑢1|𝑧=ℎ𝑖 𝜕𝑥ℎ𝑖 + 𝑢2|𝑧=ℎ𝑖 𝜕𝑦ℎ𝑖. (7)
At the bottom we use impermeability boundary condition for the velocity (6). For
the boundary between the layers we use the condition of the equality of the vertical
components of the velocities in each layer (index i=1 in (7)). The boundary condition on
free-surface corresponds to the equality of the vertical component of the velocity of the
top layer and the velocity of free-surface (index i=2 in (7)).
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The boundary conditions for the magnetic field are following:
𝐵3|𝑧=0 = 𝐵0, (8)
𝐵3|𝑧=ℎ𝑖 = 𝐵1|𝑧=ℎ𝑖 𝜕𝑥ℎ𝑖 + 𝐵2|𝑧=ℎ𝑖 𝜕𝑦ℎ𝑖 + 𝐵0, (9)
here and after ?⃗? =
˜⃗
𝐵 1√
𝜌
.
In the case of absence of the external vertical magnetic field (𝐵0 = 0 in expressions (8)
- (9)) boundary conditions for the vertical component of the magnetic field 𝐵3 on surfaces
𝑧 = ℎ1(𝑥,𝑦) and 𝑧 = ℎ2(𝑥,𝑦) are defined by parallelism of magnetic induction to this
surfaces respectively and are the sum of horizontal components 𝐵1 and 𝐵2, multiplied by
corresponding tangents of angles 𝜕ℎ𝑖/𝜕𝑥 and 𝜕ℎ𝑖/𝜕𝑦. Therefore, vertical component of
the magnetic field is equal to zero on the bottom (𝐵3|𝑧=0 = 0 8). When we impose exter-
nal vertical magnetic field (𝐵0) , boundary conditions for vertical component of magnetic
field 𝐵3 on surfaces 𝑧 = 0 (8), 𝑧 = ℎ𝑖 (9) are modified by adding the term 𝐵0.
Let us write the hydrostatic equation for the total pressure in each layer of plasma:
𝜕𝑧
(︁
𝑝𝑖 +
𝜌𝑖
2
𝐵2𝑖
)︁
= −𝜌𝑖𝑔. (10)
We use this equation to obtain pressure at the bottom of a thin layer of height ℎ2
and at the boundary between plasma layers of different densities, as well as pressure
distribution in the layer of height ℎ1 and density 𝜌1 and in the layer of height ∆ℎ and
density 𝜌2. To do this, let us integrate equation (10) over height ℎ1 for the bottom layer
and over ∆ℎ = ℎ2 − ℎ1 for the top layer:
ℎ𝑖ˆ
𝑎𝑖
𝜕𝑧𝑝𝑖𝑑𝑧 = −
ℎ𝑖ˆ
𝑎𝑖
𝜌𝑖𝑔𝑑𝑧, (11)
here and after index 𝑖 = 1 corresponds to the bottom layer, in which 𝑎𝑖 = 0, ℎ𝑖 = ℎ1, and
index 𝑖 = 2 corresponds to the top layer, in which 𝑎𝑖 = ℎ1, ℎ𝑖 = ℎ2.
Assuming the pressure at the free-surface is constant 𝑝|𝑧=ℎ2 = 𝑝0, we find the pressure
at the boundary between the layers 𝑝|ℎ1 :
𝑝|ℎ1 = 𝑝0 + 𝜌2𝑔(ℎ2 − ℎ1). (12)
Replacing the upper limit of integration ℎ2 by 𝑧 in the equation (11), we find the
pressure 𝑝2(𝑧) in the top layer of plasma with density 𝜌2:
𝑝2(𝑧) = 𝑝0 + 𝜌2𝑔(ℎ2 − 𝑧). (13)
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Similarly, we find the pressure at the bottom 𝑝|0 and the pressure 𝑝1(𝑧) in the bottom
layer of plasma with density 𝜌1 from the equation (11):
𝑝|0 = 𝑝0 + 𝜌2𝑔(ℎ2 − ℎ1) + 𝜌1𝑔ℎ1, (14)
𝑝1(𝑧) = 𝑝0 + 𝜌2𝑔(ℎ2 − ℎ1) + 𝜌1𝑔(ℎ1 − 𝑧). (15)
Leibniz integral rule and the expressions for pressures (12) - (15) are employed to
integrate equations (5).
Let us integrate the velocity field divergence-free condition ranging from 0 to ℎ1 for
the bottom layer (index 𝑖 = 1) and ranging from ℎ1 to ℎ2 for the top layer (index 𝑖 = 2):
𝜕
𝜕𝑥
ℎ𝑖ˆ
𝑎𝑖
𝑢1𝑖𝑑𝑧 − 𝑢1𝑖|𝑧=ℎ𝑖
𝜕ℎ𝑖
𝜕𝑥
+ 𝑢1𝑖|𝑧=𝑎𝑖
𝜕𝑎𝑖
𝜕𝑥
+
𝜕
𝜕𝑦
ℎ𝑖ˆ
𝑎𝑖
𝑢2𝑖1𝑑𝑧 − 𝑢2𝑖|𝑧=ℎ𝑖
𝜕ℎ𝑖
𝜕𝑦
+ 𝑢1𝑖|𝑧=𝑎𝑖
𝜕𝑎𝑖
𝜕𝑦
+
+ 𝑢3𝑖|𝑧=ℎ𝑖 − 𝑢3𝑖|𝑧=𝑎𝑖 = 0.
Taking into account boundary conditions (6) - (7), we get:
𝜕(ℎ𝑖 − 𝑎𝑖)
𝜕𝑡
+
𝜕
𝜕𝑥
ℎ𝑖ˆ
𝑎𝑖
𝑢1𝑖𝑑𝑧 +
𝜕
𝜕𝑦
ℎ𝑖ˆ
𝑎𝑖
𝑢2𝑖𝑑𝑧 = 0. (16)
Similarly, we integrate the divergence-free condition for magnetic field in the bot-
tom and top plasma layers in an external magnetic field and transform them, using the
boundary conditions (8) - (9) to the following:
𝜕
𝜕𝑥
ℎ𝑖ˆ
𝑎𝑖
𝐵1𝑖𝑑𝑧 +
𝜕
𝜕𝑦
ℎ𝑖ˆ
𝑎𝑖
𝐵2𝑖𝑑𝑧 = 0.
Let us integrate the equations for the magnetic field in each layer. Equations for the
horizontal components of the magnetic field are following:
𝜕
𝜕𝑡
ℎ𝑖ˆ
𝑎𝑖
𝐵𝑗𝑖𝑑𝑧 +
𝜕
𝜕𝑥
ℎ𝑖ˆ
𝑎𝑖
(𝑢𝑘𝑖𝐵𝑗𝑖 − 𝑢𝑗𝑖𝐵𝑘𝑖)𝑑𝑧 −𝐵0(𝑢𝑗𝑖|ℎ𝑖 − 𝑢𝑗𝑖|𝑎𝑖) = 0, (17)
indexes 𝑗 = 1, 𝑘 = 2 correspond to the 𝑥-component of the magnetic field, and indexes
𝑗 = 2, 𝑘 = 1 correspond to the 𝑦-component of the magnetic field; index 𝑖 = 1 corresponds
to the bottom layer of plasma, where 𝑎𝑖 = 0, and index 𝑖 = 2 corresponds to the topl
layer of plasma, where 𝑎𝑖 = ℎ1.
Equations for the 𝑧-component of the magnetic field in each layer are following:
𝜕
𝜕𝑡
ℎ𝑖ˆ
𝑎𝑖
𝐵3𝑖𝑑𝑧 +
𝜕
𝜕𝑥
ℎ𝑖ˆ
𝑎𝑖
𝑢1𝑖𝐵3𝑖𝑑𝑧 +
𝜕
𝜕𝑦
ℎ𝑖ˆ
𝑎𝑖
𝑢2𝑖𝐵3𝑖𝑑𝑧 −𝐵0(𝑢3𝑖|ℎ𝑖 − 𝑢3𝑖|𝑎𝑖) = 0, (18)
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index 𝑖 = 1 corresponds to the bottom layer of plasma, where 𝑎𝑖 = 0, and index 𝑖 = 2
corresponds to the topl layer of plasma, where 𝑎𝑖 = ℎ1.
Let us do the same to equations for the horizontal velocities in (5) in each layer. We
integrate momentum equations in each layer, taking into account the boundary conditions
(6) - (7), (8) - (9). Using the expressions for pressures in the bottom layer (15) and at
the boundary between the layers of different densities (12), we get:
𝜕
𝜕𝑡
ℎ𝑖ˆ
𝑎𝑖
𝑢𝑗𝑖𝑑𝑧 +
𝜕
𝜕𝑥
ℎ𝑖ˆ
𝑎𝑖
(𝑢2𝑗𝑖 −𝐵2𝑗𝑖)𝑑𝑧 +
𝜕
𝜕𝑦
ℎ𝑖ˆ
𝑎𝑖
(𝑢𝑗𝑖𝑢𝑘𝑖 −𝐵𝑗𝑖𝐵𝑘𝑖)𝑑𝑧 + 𝜌2
𝜌𝑖
𝑔(ℎ𝑖 − 𝑎𝑖) 𝜕
𝜕𝑥
𝐻𝑖+
+ 𝑔
𝜕
𝜕𝑥
(ℎ𝑖 − 𝑎𝑖)2
2
+ 𝐵0𝐵𝑗𝑖 = 𝛼𝑓
ℎ𝑖ˆ
𝑎𝑖
𝑢𝑘𝑖𝑑𝑧, (19)
index 𝑖 = 1 corresponds to the bottom layer of plasma, where 𝑎𝑖 = 0, ℎ𝑖 = ℎ1, 𝐻𝑖 = ∆ℎ,
and index 𝑖 = 2 corresponds to the topl layer of plasma, where 𝑎𝑖 = ℎ1, ℎ𝑖 = ℎ2, 𝐻𝑖 = ℎ1;
indexes 𝑗 = 1, 𝑘 = 2 and 𝛼 = 1 correspond to the 𝑥-component of the velocity, and
indexes 𝑗 = 2, 𝑘 = 1 and 𝛼 = −1 correspond to the 𝑦-component of the velocity.
For the final derivation of magnetohydrodynamic two-layer shallow water equations
let us introduce the height-averaged velocities 𝑢𝑞𝑖 and magnetic fields 𝐵𝑞𝑖 (index 𝑗 = 1
corresponds to 𝑞 = 𝑥; index 𝑗 = 2 corresponds to 𝑞 = 𝑦) and represent velocities and
magnetic fields in each layer as the sum of the height-averaged values and fluctuations in
the following form:
𝑢𝑗𝑖 = 𝑢𝑞𝑖 + 𝑢
′
𝑗𝑖 =
1
(ℎ𝑖 − 𝑎𝑖)
ℎ𝑖ˆ
𝑎𝑖
𝑢𝑗𝑖𝑑𝑧 + 𝑢
′
𝑗𝑖, (20)
𝐵𝑗𝑖 = 𝐵𝑞𝑖 + 𝐵
′
𝑗𝑖 =
1
(ℎ𝑖 − 𝑎𝑖)
ℎ𝑖ˆ
𝑎𝑖
𝐵𝑗𝑖𝑑𝑧 + 𝐵
′
𝑗𝑖, (21)
𝑢′𝑗𝑖 – fluctuations of the velocities in the bottom (index 𝑖 = 1) and in the top (index
𝑖 = 2) layers. 𝐵′𝑗𝑖 – fluctuations of the magnetic fields (index 𝑖 = 1) and in the top (index
𝑖 = 2) layers.
Let us substitute expressions (20)-(21) into equations (16), (17), (19), neglecting terms
which include fluctuations [12], [38]-[40]. As a result we obtain the magnetohydrodynamic
equations for stratified plasma in the gravity field in two-layer shallow water approxima-
9
tion in the external magnetic field.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
𝜕𝑡(ℎ𝑖 − 𝑎𝑖) + 𝜕𝑥[(ℎ𝑖 − 𝑎𝑖)𝑢𝑥𝑖] + 𝜕𝑦[(ℎ𝑖 − 𝑎𝑖)𝑢𝑦𝑖] = 0,
𝜕𝑡[(ℎ𝑖 − 𝑎𝑖)𝑢𝑥𝑖] + 𝜕𝑥
[︂
(ℎ𝑖 − 𝑎𝑖)
(︂
𝑢2𝑥𝑖 −𝐵2𝑥𝑖 +
𝑔(ℎ𝑖 − 𝑎𝑖)
2
)︂]︂
+
𝜌2
𝜌𝑖
𝑔(ℎ𝑖 − 𝑎𝑖)𝜕𝑥𝐻𝑖+
+ 𝜕𝑦[(ℎ𝑖 − 𝑎𝑖)(𝑢𝑥𝑖𝑢𝑦𝑖 −𝐵𝑥𝑖𝐵𝑦𝑖)] + 𝐵0𝐵𝑥𝑖 = (ℎ𝑖 − 𝑎𝑖)𝑓𝑣𝑦𝑖,
𝜕𝑡[(ℎ𝑖 − 𝑎𝑖)𝑢𝑦𝑖] + 𝜕𝑥[(ℎ𝑖 − 𝑎𝑖)(𝑢𝑥𝑖𝑢𝑦𝑖 −𝐵𝑥𝑖𝐵𝑦𝑖)] + 𝜕𝑦
[︂
(ℎ𝑖 − 𝑎𝑖)
(︂
𝑢2𝑦𝑖 −𝐵2𝑦𝑖 +
𝑔(ℎ𝑖 − 𝑎𝑖)
2
)︂]︂
+
+
𝜌2
𝜌𝑖
𝑔(ℎ𝑖 − 𝑎𝑖)𝜕𝑦𝐻𝑖 + 𝐵0𝐵𝑦𝑖 = −(ℎ𝑖 − 𝑎𝑖)𝑓𝑢𝑥𝑖,
𝜕𝑡[(ℎ𝑖 − 𝑎𝑖)𝐵𝑥𝑖] + 𝜕𝑦[(ℎ𝑖 − 𝑎𝑖)(𝐵𝑥𝑖𝑢𝑦𝑖 −𝐵𝑦𝑖𝑢𝑥𝑖)]−𝐵0𝑢𝑥𝑖 = 0,
𝜕𝑡[(ℎ𝑖 − 𝑎𝑖)𝐵𝑦𝑖] + 𝜕𝑥[(ℎ𝑖 − 𝑎𝑖)(𝐵𝑦𝑖𝑢𝑥𝑖 −𝐵𝑥𝑖𝑢𝑦𝑖)]−𝐵0𝑢𝑦𝑖 = 0,
𝜕𝑡𝐵𝑧𝑖 + 𝐵0(𝜕𝑥𝑢𝑥𝑖 + 𝜕𝑦𝑢𝑦𝑖) = 0,
𝜕𝑥𝐵𝑥𝑖 + 𝜕𝑦𝐵𝑦𝑖 = 0,
(22)
where index 𝑖 = 1 corresponds to the bottom layer, where 𝑎𝑖 = 0, ℎ𝑖 = ℎ1, 𝐻𝑖 = ∆ℎ,
and index 𝑖 = 2 corresponds to the top layer, where 𝑎𝑖 = ℎ1, ℎ𝑖 = ℎ2, 𝐻𝑖 = ℎ1. The first
equation – the equation which describes the variation of the hight of each layer of plasma.
The second and the third equations – equations for the hight-averaged horizontal veloc-
ities. The fourth and the fifth equations – equations for the hight-averaged horizontal
magnetic fields.
It should be noted that the presence of a vertical magnetic field leads to significant
changes in the horizontal dynamics of the magnetic field in the shallow water approxima-
tion [14]. The equations for hight (ℎ𝑖 − 𝑎𝑖), horizontal velocities (𝑢𝑥𝑖, 𝑢𝑦𝑖) and horizontal
magnetic fields (𝐵𝑥𝑖, 𝐵𝑦𝑖) are closed set of equations, which are used for the following
research. Last two equations in (22) in provide the magnetic field divergence-free condi-
tion.In addition these equations describe the fundamental three-dimensionality and ax-
isymmetry of magnetic fields in the shallow water approximation. When imposed vertical
magnetic field 𝐵0 = 0, equations (22) are transformed into magnetohydrodynamic equa-
tions of a stratified plasma in the two-layer shallow water approximation, obtained in [12],
[13]. When heights and densities of the layers are equal, equations (22) are transformed
into magnetohydrodynamic equations in the single-layer shallow water approximation in
the external magnetic field [14], and at 𝐵0 = 0 are reduced to well-known shallow water
magnetohydrodynamic equations without an external magnetic field [1], [12], [41], [42].
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3 The beta-plane approximation. Rossby waves
Let us research below spherical flows of a thin layer of incompressible rotating plasma
in the two-layer shallow water approximation within the obtained equations (22). The
effects of sphericity we are taking into account in in the beta-plane approximation by
analogy with the equations of neutral fluid [14]. It is assumed that the Coriolis parameter
𝑓 varies only slightly with small changes in latitude. Let us express 𝑓 in the following
form:
𝑓 = 2Ω sin 𝜃 ≈ 2Ω sin 𝜃0 + 2Ω(𝜃 − 𝜃0) cos 𝜃0 ≈ 𝑓0 + 𝛽𝑦, (23)
Ω - angular velocity of rotation, which is equal for both layers, 𝑓0 = 2Ω sin 𝜃0, 𝛽 = 𝜕𝑓/𝜕𝑦,
𝑦 coordinate is measured along latitude in the north direction and related to 𝑡ℎ𝑒𝑡𝑎 as
follows 𝑦 = 𝑟(𝜃 − 𝜃0), 𝑟 – radius of the sphere.
In system (22) we take derivatives of equations for horizontal components 𝑢𝑥𝑖 of ve-
locity with respect to 𝑦 taking into account the dependence of the Coriolis parameter on
latitude (23). Considering 𝛽𝑦 ≪ 𝑓0, we obtain the magnetohydrodynamic equations of
a stratified plasma in a gravity field in the two-layer shallow water approximation in the
external magnetic field on the beta-plane:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
𝜕𝑡(ℎ𝑖 − 𝑎𝑖) + 𝜕𝑥[(ℎ𝑖 − 𝑎𝑖)𝑢𝑥𝑖] + 𝜕𝑦[(ℎ𝑖 − 𝑎𝑖)𝑢𝑦𝑖] = 0,
𝜕𝑦𝜕𝑡[(ℎ𝑖 − 𝑎𝑖)𝑢𝑥𝑖] + 𝜕𝑦𝜕𝑥
[︂
(ℎ𝑖 − 𝑎𝑖)
(︂
𝑢2𝑥𝑖 −𝐵2𝑥𝑖 +
𝑔(ℎ𝑖 − 𝑎𝑖)
2
)︂]︂
+
𝜌2
𝜌𝑖
𝑔𝜕𝑦(ℎ𝑖 − 𝑎𝑖)𝜕𝑥𝐻𝑖+
+ 𝜕2𝑦 [(ℎ𝑖 − 𝑎𝑖)(𝑢𝑥𝑖𝑢𝑦𝑖 −𝐵𝑥𝑖𝐵𝑦𝑖)] + 𝐵0𝜕𝑦𝐵𝑥𝑖 = 𝑓0𝜕𝑦[(ℎ𝑖 − 𝑎𝑖)𝑣𝑦𝑖] + 𝛽(ℎ𝑖 − 𝑎𝑖)𝑣𝑦𝑖,
𝜕𝑡[(ℎ𝑖 − 𝑎𝑖)𝑢𝑦𝑖] + 𝜕𝑥[(ℎ𝑖 − 𝑎𝑖)(𝑢𝑥𝑖𝑢𝑦𝑖 −𝐵𝑥𝑖𝐵𝑦𝑖)] + 𝜕𝑦
[︂
(ℎ𝑖 − 𝑎𝑖)
(︂
𝑢2𝑦𝑖 −𝐵2𝑦𝑖 +
𝑔(ℎ𝑖 − 𝑎𝑖)
2
)︂]︂
+
+
𝜌2
𝜌𝑖
𝑔(ℎ𝑖 − 𝑎𝑖)𝜕𝑦𝐻𝑖 + 𝐵0𝐵𝑦𝑖 = −(ℎ𝑖 − 𝑎𝑖)𝑓0𝑢𝑥𝑖,
𝜕𝑡[(ℎ𝑖 − 𝑎𝑖)𝐵𝑥𝑖] + 𝜕𝑦[(ℎ𝑖 − 𝑎𝑖)(𝐵𝑥𝑖𝑢𝑦𝑖 −𝐵𝑦𝑖𝑢𝑥𝑖)]−𝐵0𝑢𝑥𝑖 = 0,
𝜕𝑡[(ℎ𝑖 − 𝑎𝑖)𝐵𝑦𝑖] + 𝜕𝑥[(ℎ𝑖 − 𝑎𝑖)(𝐵𝑦𝑖𝑢𝑥𝑖 −𝐵𝑥𝑖𝑢𝑦𝑖)]−𝐵0𝑢𝑦𝑖 = 0,
(24)
where index 𝑖 = 1 corresponds to the bottom layer, where 𝑎𝑖 = 0, ℎ𝑖 = ℎ1, 𝐻𝑖 = ∆ℎ,
and index 𝑖 = 2 corresponds to the top layer, where 𝑎𝑖 = ℎ1, ℎ𝑖 = ℎ2, 𝐻𝑖 = ℎ1. The
first equation – the equation which describes the variation of the hight of each layer of
plasma. The second and the third equations – equations for the hight-averaged horizontal
velocities in beta-plane approximation for the Coriolis force. The fourth and the fifth
equations – equations for the hight-averaged horizontal magnetic fields. Waves driven by
the latitudinal dependence of the Coriolis force are usually called magneto-Rossby waves
[15] by analogy to Rossby waves in the neutral fluid dynamics.
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We use the obtained equations (24) to study magneto-Rossby waves in stratified
plasma in an external vertical magnetic field in two-layer shallow water approximation
on beta-plane. In the absense of external vertical magnetic field, the equations obtained
are transformed to the two-layer magnetohydrodynamic shallow-water equations on the
beta plane and are used below to study magneto-Rossby waves in toroidal and poloidal
magnetic fields.
3.1 Linear magneto-Rossby waves in an external vertical mag-
netic field
We consider the flow of a thin stratified layer of plasma in the shallow water approximation
on the beta-plane in an external vertical magnetic field.
Let us linearize the equations (24) with respect to the stationary solution:
ℎ1,2 = ℎ01,02 = const; 𝑢𝑥1 = 𝑢𝑦1 = 𝑢𝑥2 = 𝑢𝑦2 = 𝐵𝑥1 = 𝐵𝑦1 = 𝐵𝑥2 = 𝐵𝑦2 = 0; 𝐵0 = const
From the condition that the determinant of the matrix of the linearized system is zero,
we obtain the following dispersion relation for waves in a rotating stratified plasma in an
external field in two-layer shallow water approximation on beta-plane:
(𝜔4− 𝑏1𝜔2− 𝑐1𝜔+𝑑1)(𝜔4− 𝑏2𝜔2− 𝑐2𝜔+𝑑2) = 𝜌2
𝜌1
𝑔2𝑘4ℎ01∆ℎ0(𝜔
2 + 𝑞′𝜔+ 𝑞1)(𝜔2 + 𝑞′𝜔+ 𝑞2),
(25)
𝑏𝑗 =
2𝐵20
(ℎ0𝑗 − 𝑎0𝑗)2 + 𝑓
2
0 + 𝑔𝑘
2(ℎ0𝑗 − 𝑎0𝑗); 𝑐𝑗 = 𝛽𝑔𝑘𝑥(ℎ0𝑗 − 𝑎0𝑗);
𝑑𝑗 =
𝐵40
(ℎ0𝑗 − 𝑎0𝑗)4 +
𝐵20𝑔𝑘
2
(ℎ0𝑗 − 𝑎0𝑗) ; 𝑞
′ =
𝛽𝑘𝑥
𝑘2
; 𝑞𝑗 =
𝐵20
(ℎ0𝑗 − 𝑎0𝑗)2 ,
The right-hand side of the dispersion relation (25) describes the effects of stratification
in a two-layer model and the left-hand side is the product of two expressions. The first
one corresponds to the bottom layer and the second one to the top. Strong theoretical
analysis of the obtained dispersion equation (25) is not possible. We confine ourselves
to a qualitative consideration. In the first approximation, we select the Rossby waves
in the absence of the stratification [15]. In the case of small differences in densities of
plasma layers, we represent the solution of the dispersion equation (25) as the sum of the
magneto-Rossby wave without stratification and a small modification related to plasma
stratification.
Let us find a solution for the magneto-Rossby wave in an external vertical magnetic
field in the absence of stratification in the system. Equation (25) with 𝜌1 = 𝜌2 becomes
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[𝜔4 − 𝜔2(𝐵
2
0
ℎ201
+
𝐵20
∆ℎ20
+ 𝑓 20 ) +
𝐵40
ℎ201∆ℎ
2
0
][𝜔4 − 𝜔2(𝐵
2
0
ℎ201
+
𝐵20
∆ℎ20
+ 𝑓 20 + 𝑔𝑘
2𝐻)− 𝜔𝑔𝐻𝛽𝑘𝑥 +
+
𝐵20
ℎ01∆ℎ0
(
𝐵20
ℎ01∆ℎ0
+ 𝑔𝑘2
ℎ301 + ∆ℎ
3
0
ℎ01∆ℎ0
)] = 0,(26)
and we get the following expression for the magneto-Rossby wave in the absence of strat-
ification:
𝜔𝑀𝑅1 ≈
𝐵20
ℎ01Δℎ0
(
𝐵20
ℎ01Δℎ0
+
𝑔𝑘2(ℎ301+Δℎ
3
0)
ℎ01Δℎ0
)
𝛽𝑘𝑥𝑔𝐻
(27)
It should be noted, that the expression for 𝜔𝑀𝑅1 includes the heights of both layers
explicitly. For equal heights of the layers ℎ01 = ∆ℎ0 = 𝐻/2, the expression (27) describes
the Rossby wave in a single-layer approximation [15]:
𝜔′𝑀𝑅1 ≈
4
𝐵20
𝐻2
(︁
4
𝐵20
𝐻2
+ 𝑔𝑘2𝐻
)︁
𝛽𝑘𝑥𝑔𝐻
Let us find out the modification to the frequency associated with the stratification
(𝜌1 ̸= 𝜌2). We rewrite the equation (25) in the following form:
[𝜔4 − 𝜔2(𝐵
2
0
ℎ201
+
𝐵20
∆ℎ20
+ 𝑓 20 ) +
𝐵40
ℎ201∆ℎ
2
0
][𝜔4 − 𝜔2(𝐵
2
0
ℎ201
+
𝐵20
∆ℎ20
+ 𝑓 20 + 𝑔𝑘
2ℎ02)− 𝜔𝑔ℎ02𝛽𝑘𝑥 +
+
𝐵20
ℎ01∆ℎ0
(
𝐵20
ℎ01∆ℎ0
+ 𝑔𝑘2
ℎ301 + ∆ℎ
3
0
ℎ01∆ℎ0
)] =
(︂
𝜌2
𝜌1
− 1
)︂
𝑔2𝑘4ℎ01∆ℎ0 ·
·(𝜔2 + 𝛽𝑘𝑥
𝑘2
𝜔 +
𝐵20
ℎ201
)(𝜔2 +
𝛽𝑘𝑥
𝑘2
𝜔 +
𝐵20
∆ℎ20
).(28)
We suppose the modification 𝛿1 = 𝜔−𝜔𝑀𝑅1 is small compared to the frequency 𝜔𝑀𝑅1 .
Denote the expression on the right-hand side as 𝜙1
(︁
𝜌2
𝜌1
, 𝜔𝑀𝑅1
)︁
.
When the expression in the first bracket of (28) is equal to zero, we get the following
expressions for the squared frequency:
𝜔21,2 =
1
2
⎛⎝𝑓 20 + 𝐵20ℎ201 + 𝐵
2
0
∆ℎ20
±
√︃(︂
𝐵20
ℎ201
− 𝐵
2
0
∆ℎ20
)︂2
+ 𝑓 20
(︂
𝑓 20 +
2𝐵20
ℎ201
+
2𝐵20
∆ℎ20
)︂⎞⎠
If the expression in the first bracket of (28) is not zero, we find the modification to the
magneto-Rossby wave in an external vertical field related to the presence of stratification:
𝛿1 = −
𝜙1
(︁
𝜌2
𝜌1
,𝜔𝑀𝑅1
)︁
(𝜔2𝑀𝑅1 − 𝜔21)(𝜔2𝑀𝑅1 − 𝜔22)𝑔ℎ02𝛽𝑘𝑥
(29)
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We write the phase 𝑣𝑝ℎ𝑥1 and group 𝑣𝑔𝑟𝑥1 velocities in the 𝑘𝑥 direction for the obtained
Rossby wave in the model of two layers of different density (27),(29):
𝑣𝑝ℎ𝑥1 =
𝜔𝑀𝑅1 + 𝛿1
𝑘𝑥
=
𝐵20(𝐵
2
0 + 𝑔𝑘
2(ℎ301 + ∆ℎ
3
0))
ℎ201∆ℎ
2
0ℎ02𝛽𝑔𝑘
2
𝑥
+
−𝜙1
(︁
𝜌2
𝜌1
,𝜔𝑀𝑅1
)︁
(𝜔2𝑀𝑅1 − 𝜔21)(𝜔2𝑀𝑅1 − 𝜔22)𝑔ℎ02𝛽𝑘2𝑥
, (30)
𝑣𝑔𝑟𝑥1 =
𝜕(𝜔𝑀𝑅1 + 𝛿1)
𝜕𝑘𝑥
= −𝐵
2
0(𝐵
2
0 + 𝑔(ℎ
3
01 + ∆ℎ
3
0)(𝑘
2
𝑦 − 𝑘2𝑥)
ℎ201∆ℎ
2
0ℎ02𝛽𝑔𝑘
2
𝑥
+
+
𝜕
𝜕𝑘𝑥
⎛⎝ −𝜙1
(︁
𝜌2
𝜌1
,𝜔𝑀𝑅1
)︁
(𝜔2𝑀𝑅1 − 𝜔21)(𝜔2𝑀𝑅1 − 𝜔22)𝑔ℎ02𝛽𝑘𝑥
⎞⎠ . (31)
Expressions (30), (31) show that the presence of a stratification (𝜌2 ̸= 𝜌1) in the system
increases the phase velocity (30) of the magneto-Rossby wave along the 𝑘𝑥 in a vertical
magnetic field and reduces its group velocity (31) in this direction.
It should be noted that the dispersion equation (26) in the absence of an external
magnetic field reduces to the dispersion equation for the neutral fluid layer of height ℎ02
in the shallow water approximation [15]:
(𝜔2 − 𝑓 20 )(𝜔3 − 𝜔(𝑓 20 + 𝑔𝑘2ℎ02)− 𝑔𝑘𝑥𝛽ℎ02) = 0, (32)
with the solution in form of hydrodynamic Rossby wave:
𝜔𝑅 = − 𝑔𝑘𝑥𝛽ℎ02
𝑓 20 + 𝑔𝑘
2ℎ02
(33)
Similarly, we find out the modification related to stratification for the hydrodynamic
Rossby wave. Dispersion equation with small difference in density has the form:
(𝜔2 − 𝑓 20 )(𝜔3 − 𝜔(𝑓 20 + 𝑔𝑘2ℎ02)− 𝑔𝑘𝑥𝛽ℎ02) =
(︂
𝜌2
𝜌1
− 1
)︂
𝑔2𝑘4ℎ01∆ℎ0
(︂
𝜔 +
2𝛽𝑘𝑥
𝑘2
)︂
(34)
Denoting the expression on the right-hand side as 𝜉
(︁
𝜌2
𝜌1
, 𝜔𝑅
)︁
and desired modification as
𝛿𝑁 = 𝜔 − 𝜔𝑅, we obtain the following expression, taking into account that 𝜔2𝑅 ̸= 𝑓 20 :
𝛿𝑁 =
𝜉(𝜌2
𝜌1
,𝜔𝑅)
(𝑓 20 + 𝑔𝑘
2ℎ02)(𝜔2𝑅 − 𝑓 20 )
(35)
Thus, it has been shown that in the linear approximation, the system of equations
of two-layer shallow water in an external vertical magnetic field (24) has a solution in
the form of a magneto-Rossby wave. The dependence of the dispersion equation on the
ratio of the plasma layer densities is obtained. It is found that the frequency modification
associated with stratification reduces the group velocity of the magnetic Rossby waves
14
in an external vertical magnetic field 𝑣𝑔𝑟𝑥1 and increases the phase velocity 𝑣𝑝ℎ𝑥1 . Let
us note that the parameter 𝛽, which describes the effects of sphericity, is present both
in the expression for the frequency of the magneto-Rossby wave in an external vertical
magnetic field without taking into account the stratification 𝜔𝑀𝑅1 (27), and in for the 𝛿1
(29) related to stratification. However, for the hydrodynamic Rossby wave, the parameter
𝛽 is absent in the 𝛿𝑁 correction (35) associated with the stratification.
3.2 Linear magneto-Rossby waves in horizontal magnetic field
We now consider the flow of a thin stratified layer of plasma in two-layer shallow water
approximation on beta-plane in the absence of an external vertical magnetic field. In this
case equations (24) have a stationary solution in the form of a horizontal magnetic field:
?⃗? = 0; ℎ1 = ℎ01 = const; ℎ2 = ℎ02 = const; ?⃗? = ?⃗?0 = const
From the condition that the determinant of the matrix of the linearized system is
zero, we obtain the following dispersion relation for waves in a rotating stratified plasma
in horizontal magnetic field in two-layer shallow water approximation on beta-plane:
(𝜔4−𝑏1𝜔2−𝑐1𝜔+𝑑1)(𝜔4−𝑏2𝜔2−𝑐2𝜔+𝑑2) = 𝜌2
𝜌1
𝑔2𝑘4ℎ01∆ℎ(𝜔
2+𝑞𝜔−𝑝1)(𝜔2+𝑞𝜔−𝑝2), (36)
𝑏𝑗 = 𝑓
2
0 + 2(𝑘;𝐵)
2
𝑗 + 𝑔𝑘
2(ℎ0𝑗 − 𝑎0𝑗) ; 𝑐𝑗 = 𝑔(ℎ0𝑗 − 𝑎0𝑗)𝛽𝑘𝑥;
𝑑𝑗 = (𝑘;𝐵)
2
𝑗((𝑘;𝐵)
2
𝑗 + 𝑔𝑘
2(ℎ0𝑗 − 𝑎0𝑗);
𝑞 =
𝛽𝑘𝑥
𝑘2
; 𝑝𝑗 = (𝑘;𝐵)
2
𝑗 ; (𝑘;𝐵)
2
𝑗 = (𝑘𝑥𝐵𝑥0𝑗 + 𝑘𝑦𝐵𝑦0𝑗)
2.
The right-hand side of the dispersion relation (36) describes the effects of stratification
in a two-layer model, the left-hand side is the product of two expressions. The first
corresponds to the bottom layer, and the second to the top. Strong theoretical analysis of
the obtained dispersion equation (36) is not possible. We confine ourselves to a qualitative
consideration. In the first approximation, we select Rossby waves in the absence of the
stratification [15]. In the case of small differences in densities of plasma layers, we represent
a solution of the dispersion equation (36) as sum of the magneto-Rossby wave in the
absence of stratification and a small modification related to plasma stratification.
Let us find a particular solution to the dispersion equation (36) for the case of equal
magnetic fields in layers (𝑘;𝐵)1 = (𝑘;𝐵)2 ≡ (𝑘;𝐵) in the form of magneto-Rossby wave
in the absence of stratification in the system (𝜌1 = 𝜌2). Thus equation (36) takes form:
(𝜔4 − 𝜔2(𝑓 20 + 2(𝑘;𝐵)2) + (𝑘;𝐵)4)(𝜔4 − 𝜔2(𝑓 20 + 2(𝑘;𝐵)2 + 𝑔ℎ02𝑘2)− 𝜔𝑔ℎ02𝛽𝑘𝑥 +
+(𝑘;𝐵)2((𝑘;𝐵)2 + 𝑔ℎ02𝑘
2)) = 0. (37)
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The first bracket in the equation (37) has a form of the dispersion equation for a thin
layer of plasma of height ℎ02 in the one-layer shallow water approximation on beta-plane:
𝜔4 − 𝜔2(𝑓 20 + 2(𝑘;𝐵)2 + 𝑔ℎ02𝑘2)− 𝜔𝑔ℎ02𝛽𝑘𝑥 + (𝑘;𝐵)2((𝑘;𝐵)2 + 𝑔ℎ02𝑘2) = 0,
with solution in form of magneto-Rossby wave:
𝜔𝑀𝑅2 ≈
(𝑘;𝐵)2((𝑘;𝐵)2 + 𝑔𝑘2ℎ02)
𝛽𝑘𝑥𝑔ℎ02
(38)
In particular case of toroidal magnetic field, the dispersion relation (38) takes the
form:
𝜔𝑀𝑅2𝑥 ≈
𝑘𝑥𝐵
2
𝑥(𝑘
2
𝑥𝐵
2
𝑥 + 𝑔𝑘
2ℎ02)
𝛽𝑔ℎ02
It should be noted that 𝜔𝑀𝑅2 does not differ from the Rossby wave in the layer of plasma
with height ℎ02 [15].
Let us find the modification to the frequency associated with stratification (𝜌1 ̸= 𝜌2).
Equation (36) takes form:
(𝜔4 − 𝜔2(𝑓 20 + 2(𝑘;𝐵)2) + (𝑘;𝐵)4)(𝜔4 − 𝜔2(𝑓 20 + 2(𝑘;𝐵)2 + 𝑔ℎ02𝑘2)−
−𝜔𝑔ℎ02𝛽𝑘𝑥 + (𝑘;𝐵)2((𝑘;𝐵)2 + 𝑔ℎ02𝑘2)) =
(︂
1− 𝜌2
𝜌1
)︂
𝑔2𝑘2ℎ01∆ℎ0 ·
· [︀𝑘2𝜔4 − 2𝛽𝑘𝑥𝜔3 + 2(𝑘;𝐵)2𝑘2𝜔2 + 2(𝑘;𝐵)2𝛽𝑘𝑥𝜔 − (𝑘;𝐵)4.]︀ (39)
We suppose the modification 𝛿2 = 𝜔 − 𝜔𝑀𝑅2 is small compared to the frequency 𝜔𝑀𝑅2 .
The expression on the right-hand side of (36) is denoted as 𝜙2
(︁
𝜌2
𝜌1
, 𝜔𝑀𝑅2
)︁
. When the first
bracket of the dispersion relation (39) is equal to zero, we get following expressions for
squared frequency:
𝜔23,4 =
𝑓 20
2
+ (𝑘;𝐵)2 ± 𝑓0
√︂
𝑓 20
4
+ (𝑘;𝐵)2
If the first bracket of (39) is not equal to zero, we obtain the modification to the frequency
in the following form:
𝛿2 = −
𝜙2
(︁
𝜌2
𝜌1
,𝜔𝑀𝑅2
)︁
(𝜔2𝑀𝑅2 − 𝜔23)(𝜔2𝑀𝑅2 − 𝜔24)𝑔ℎ02𝛽𝑘𝑥
(40)
We write phase 𝑣𝑝ℎ𝑥2 and group 𝑣𝑔𝑟𝑥2 velocities in the 𝑘𝑥 direction for the obtained
Rossby wave in the model of two layers of different density (38), (40):
𝑣𝑝ℎ𝑥2 =
𝜔𝑀𝑅2 + 𝛿2
𝑘𝑥
=
(𝑘;𝐵)2((𝑘;𝐵)2 + 𝑔𝑘2ℎ02)
ℎ02𝛽𝑔𝑘2𝑥
+
−𝜙2
(︁
𝜌2
𝜌1
,𝜔𝑀𝑅2
)︁
(𝜔2𝑀𝑅2 − 𝜔23)(𝜔2𝑀𝑅2 − 𝜔24)𝑔ℎ02𝛽𝑘2𝑥
, (41)
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𝑣𝑔𝑟𝑥2 =
𝜕(𝜔𝑀𝑅2 + 𝛿2)
𝜕𝑘𝑥
=
1
ℎ02𝛽𝑔𝑘2𝑥
[︀
(𝑘;𝐵)((𝑘;𝐵)2(4𝐵𝑥0𝑘𝑥 − (𝑘;𝐵))+
+𝑔ℎ02(2𝐵𝑥0𝑘𝑥(𝑘
2
𝑥 + 𝑘
2
𝑦) + +2(𝑘;𝐵)𝑘
2
𝑥 − (𝑘;𝐵)(𝑘2𝑥 + 𝑘2𝑦))
]︀
+
+
𝜕
𝜕𝑘𝑥
⎛⎝ −𝜙2
(︁
𝜌2
𝜌1
,𝜔𝑀𝑅2
)︁
(𝜔2𝑀𝑅2 − 𝜔23)(𝜔2𝑀𝑅2 − 𝜔24)𝑔ℎ02𝛽𝑘𝑥
⎞⎠ . (42)
Expressions (41), (42) show that the presence of stratification (𝜌2 ̸= 𝜌1) in the system
reduces the group velocity (42) of the magneto-Rossby wave along the 𝑘𝑥. Phase velocity
of magneto-Rossby wave in the 𝑘𝑥 (41) direction for very small 𝑘𝑥 (𝑘𝑥 < 1) increases with
difference in densities. However, for 𝑘𝑥 > 1 the presence of stratification in the system
leads to a noticeable decrease in phase velocity of the wave (41) along 𝑘𝑥.
If densities in the dispersion relation (36) are equal to each other 𝜌1 = 𝜌2 and the
external magnetic field is equal to zero 𝐵0 = 0, equation (36) reduces to the disper-
sion equation for neutral fluid layer of height ℎ02 ( 32) with a solution in the form of a
hydrodynamic Rossby wave (33) and modification to it in the form (35).
Thus, it has been shown that in the absence of an external vertical magnetic field, the
system (24) in the linear approximation has a solution in the form of a magnetic Rossby
wave in a horizontal magnetic field modified by the plasma layer density ratio. The
modifications of the frequency related to stratification change the group 𝑣𝑔𝑟𝑥2 and phase
𝑣𝑝ℎ𝑥2 velocities of the Rossby wave. Let us note that the dispersion relations obtained in
the section for the frequency of the magneto-Rossby wave in the horizontal magnetic field
𝜔𝑀𝑅1 and the modification associated with the 𝛿1 stratification differ significantly from
similar expressions obtained for the plasma in an external magnetic field 𝜔𝑀𝑅2 , 𝛿2. The
parameter 𝛽, which describes the effects of sphericity, is also present in the expression for
the frequency of the magnetic Rossby wave in the horizontal magnetic field 𝜔𝑀𝑅1 (38)
and in the expression for the modification to it 𝛿1, related to stratification (40), as was
noted in the case of an external vertical magnetic field.
4 Three-waves interactions of magneto-Rossby waves.
Parametric instabilities
In this section we study weakly nonlinear interactions of magneto-Rossby waves in two-
layer shallow water model. In order to estimate the possibility of wave interactions, let
us analyze the dispersion relations obtained in Section 3. The phase matching conditions
for three interacting waves with wave vectors ?⃗?1, ?⃗?2 and ?⃗?3 and frequencies 𝜔(?⃗?1), 𝜔(?⃗?2)
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and 𝜔(?⃗?3) respectively is [15]:
𝜔(?⃗?1) + 𝜔(?⃗?2) = 𝜔(?⃗?1 + ?⃗?2); ?⃗?1 + ?⃗?2 = ?⃗?3 (43)
To determine whether three magneto-Rossby waves exist both in an external magnetic
field (27), (29) and in a horizontal field (38), (40), according to the phase matching
condition (43), we imagine two dispersion curves on the plane (𝜔,𝑘𝑥) (Fig. 2) shifted from
each other for each case (the presence of an external magnetic field is on the left, the
absence of an external magnetic field is on the right). The first term 𝜔(?⃗?1) in the phase
matching condition (43) specifies the point (𝑘1, 𝜔(𝑘1)) on the dispersion curve (1) of the
solutions of one solution. The second term 𝜔(?⃗?2) in (43) specifies the point (𝑘2, 𝜔(𝑘2))
on the dispersion curve (2) of the solutions of another solution. The phase matching
condition (43) is satisfied when the second dispersion curve (2) shifted by (𝑘1, 𝜔(𝑘1))
crosses the first one (1) in the point (𝑘3, 𝜔(𝑘3)).
As can be seen from the figures ((Fig. 2), (Fig. 3)), both in the case of an external
magnetic field and in the case of a horizontal field, the phase matching condition is satisfied
[43].
Figure 2: The phase matching condition
for magneto-Rossby waves in an external
magnetic field (𝐵0 ̸= 0), 1: 𝜔 = 𝜔(𝑘),2:
𝜔 = 𝜔(𝑘 − 𝑘𝑥1)− 𝜔(𝑘𝑥1)
Figure 3: The phase matching condi-
tion for magneto-Rossby waves in the
absence of external magnetic field (𝐵0 =
0), 1: 𝜔 = 𝜔(𝑘), 2: 𝜔 = 𝜔(𝑘 − 𝑘𝑥1) −
𝜔(𝑘𝑥1)
To study three-wave interactions, we use the multiscale asymptotic method for the
system of magnetohydrodynamic equations (24) of stratified plasma in the approximation
of two-layer shallow water on the beta plane in an external magnetic field [14]-[16]. Since
this method is widely used to study weakly nonlinear interactions, we restrict ourselves to a
brief statement of the derivation of amplitude equations and give the expressions obtained
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for the interaction coefficients. We represent the solution of the system of equations (24)
in the form of an asymptotic series in the small parameter 𝜀:
q = q0 + 𝜀q1 + 𝜀
2q2 + .... (44)
In (44) ?⃗?0 is a stationary solution of a complete system (24); ?⃗?1 is a linear solution in
the form of a plane wave with a known law of dispersion for shallow water equations in
an external magnetic field (27), (29) or law of dispersion for shallow water equations in
horizontal magnetic field (38), (40). The term ?⃗?2 describes quadratic nonlinearity effect.
In the equation for ?⃗?2 obtained in the second order with respect to a small parameter 𝜀, the
right-hand side contains the resonant terms leading to a linear growth of the solution with
time and coordinates. Thus, condition 𝜀2𝑞2 ≪ 𝜀𝑞1 is violated on large scales. Therefore,
to eliminate the influence of resonant terms, we introduce a slowly varying amplitude
depending on the slow time and large linear scales.
Let us introduce a solution in the form of three magneto-Rossby waves satisfying the
phase matching condition (43):
q1 = q1(𝑇1,𝑋1,𝑌1) exp [𝑖(𝜔𝑇0 − 𝑘𝑥𝑋0 − 𝑘𝑦𝑌0)] = 𝜑a(k1) exp (𝑖𝜃1) +
+𝜓a(k2) exp (𝑖𝜃2) + 𝜒a(k3) exp (𝑖𝜃3) + 𝑐.𝑐., (45)
where 𝜑,𝜓,𝜒 are amplitudes of interacting waves, 𝜃𝑖 = −𝜔(?⃗?𝑖)𝑇0 + 𝑘𝑥𝑖𝑋0 + 𝑘𝑦𝑖𝑌0 are wave
phases, ?⃗? is a complex wave vector.
“Fast” variables (𝑇0, 𝑋0, 𝑌0) are related to “slow” ones (𝑇1, 𝑋1, 𝑌1) by the following
relations:
𝜕
𝜕𝑡
=
𝜕
𝜕𝑇0
+ 𝜀
𝜕
𝜕𝑇1
;
𝜕
𝜕𝑥
=
𝜕
𝜕𝑋0
+ 𝜀
𝜕
𝜕𝑋1
;
𝜕
𝜕𝑦
=
𝜕
𝜕𝑌0
+ 𝜀
𝜕
𝜕𝑌1
(46)
Let us substitute the solution (44) in the system (24), of the magnetohydrodynamic
equations of the stratified plasma in the shallow water approximation, taking into account
(46) and (45). In the second order of smallness, we obtain the linear inhomogeneous
equations with resonances in the right-hand side. To exclude resonant terms, we use
the compatibility condition, which consists in the orthogonality of the right-hand side of
the kernel of a linear operator on the left-hand side of the system of equations. Thus,
multiplying the right-hand side by the eigenvector of the linear operator on the left-hand
side, we write out successively the terms proportional to 𝑒𝑖𝜃1 , 𝑒𝑖𝜃2 and 𝑒𝑖𝜃3 . As a result,
we obtain a system for three amplitudes of interacting packets of magneto-Rossby waves
in two-layer shallow water approximation:
𝑠1𝜑 = 𝑓1𝜓
*𝜒, (47)
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𝑠2𝜓 = 𝑓2𝜑
*𝜒, (48)
𝑠3𝜒 = 𝑓3𝜑𝜓, (49)
where 𝑠𝑛 is a differential operator with respect to the ”slow” variables 𝑇1, 𝑋1, 𝑌1, and
coefficients 𝑓𝑖 depend only on the initial conditions and characteristics of interacting
waves. The system (47) - (49) describes three-wave interactions of magneto-Rossby waves
that satisfy the phase matching condition (43). Each of the three equations of the system
describes the nonlinear influence of the magnitudes of the amplitudes of the two interacting
waves on the third wave.
In an external vertical magnetic field the differential operator 𝑠𝑛 is following:
𝑠𝑛 = 𝑟𝑛
𝜕
𝜕𝑇1
+ 𝑝𝑛
𝜕
𝜕𝑋1
+ 𝑞𝑛
𝜕
𝜕𝑌1
,
where the coefficient 𝑟𝑛 with the derivative for the slow time 𝑇1 has the form:
𝑟𝑛 = {𝑧1𝑎1 + ℎ01(𝑖𝑘𝑦𝑛𝑧2𝑎3 + 𝑧3𝑎4 + 𝑧4𝑎5 + 𝑧5𝑎6)}+
+ {𝑧6𝑎2−1 + ∆ℎ0(𝑖𝑘𝑦𝑛𝑧7𝑎7 + 𝑧8𝑎8 + 𝑧9𝑎9 + 𝑧10𝑎10)} , (50)
the coefficient 𝑝𝑛 with the coordinate derivative 𝑋1 has the form:
𝑝𝑛 = {ℎ01(𝑧1𝑎3 + 𝑧2𝑖𝑘𝑦𝑛𝑔𝑎1)}+
𝜌2
𝜌1
𝑧2𝑖𝑘𝑦𝑛𝑔ℎ01𝑎2−1 + {∆ℎ0(𝑧6𝑎7 + 𝑧7𝑖𝑘𝑦𝑛𝑔𝑎1)} , (51)
and the coefficient 𝑞𝑛 with the coordinate derivative 𝑌1 is:
𝑞𝑛 =
{︂
ℎ01(𝑧1𝑎4 + 𝑧2(−𝑖𝜔(k𝑛)𝑎3 + 𝑖𝑘𝑥𝑛𝑔𝑎1 −
𝐵0𝑎5
ℎ01
− 𝑓0𝑎4) + 𝑧3𝑔𝑎1)
}︂
+
+
𝜌2
𝜌1
𝑎2−1𝑔ℎ01(𝑧2𝑖𝑘𝑥𝑛 + 𝑧3) +
{︂
Δℎ0(𝑧6𝑎8 + 𝑧7(−𝑖𝜔(k𝑛)𝑎7 + 𝑖𝑘𝑥𝑛𝑔𝑎1 −
𝐵0𝑎9
Δℎ0
− 𝑓0𝑎8) + 𝑧8𝑎1)
}︂
.(52)
In these coefficients a = a(k𝑛), 𝑛 = 1,2,3. Here and after 𝑎2−1 = 𝑎2 − 𝑎1. 𝑛 = 1,2,3.
The coefficients 𝑓𝑚, depending only on the initial conditions and characteristics of the
interacting waves, have the following form:
𝑓𝑚 = {𝐿1}+ 𝜌2
𝜌1
𝑅 + {𝐿2} (53)
The expression 𝐿1 corresponds to the bottom layer of plasma:
𝐿1 = 2𝑖𝑧1[𝑘𝑥𝑚𝑎1𝑎3+𝑘𝑦𝑚𝑎1𝑎4]+𝑧2[𝑘𝑦𝑚(2𝜔(k𝑚)𝑎1𝑎3−2𝑘𝑥𝑚(𝑎*3𝑎3−𝑎*5𝑎5)−2𝑘𝑦𝑚(𝑎3𝑎4−𝑎5𝑎6)+
+𝛼𝑔(𝑘𝑥𝑙𝑎1𝑎
*
1 − 𝛼𝑘𝑥𝑐𝑎*1𝑎1))− 𝑖𝑓0(𝑘𝑦𝑐𝑎*1𝑎4 − 𝑘𝑦𝑙𝑎1𝑎*4)− 2𝛽𝑎1𝑎4]+
+𝑧3[−2𝑖𝜔(k𝑚)𝑎1𝑎4 + 2𝑖𝑘𝑦𝑚(𝑎*4𝑎4 − 𝑎*6𝑎6) + 2𝑖𝑘𝑥𝑚(𝑎3𝑎4 − 𝑎5𝑎6) + 𝑖𝑘𝑦𝑚𝑔𝑎1𝑎*1 + 2𝑓0𝑎1𝑎3]−
−2𝑖𝑧4[𝜔(k𝑚)𝑎1𝑎5 + 𝑘𝑦𝑚ℎ0(𝑎3𝑎6 − 𝑎4𝑎5)]− 2𝑖𝑧5[𝜔(k𝑚)𝑎1𝑎6 + 𝑘𝑥𝑚ℎ0(𝑎4𝑎5 − 𝑎3𝑎6)]
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The expression 𝐿2 correpsonds to the top layer of plasma:
𝐿2 = 2𝑖𝑧6[𝑘𝑥𝑚𝑎2−1𝑎7 + 𝑘𝑦𝑚𝑎2−1𝑎8] + 𝑧7[𝑘𝑦𝑚(2𝜔(k𝑚)𝑎2−1𝑎7 − 2𝑘𝑥𝑚(𝑎*7𝑎7 − 𝑎*9𝑎9)−
−2𝑘𝑦𝑚(𝑎7𝑎8−𝑎9𝑎10)+𝛼𝑔(𝑘𝑥𝑙𝑎2−1𝑎*1−𝛼𝑘𝑥𝑐𝑎*2−1𝑎1))−𝑖𝑓0(𝑘𝑦𝑐𝑎*2−1𝑎8−𝑘𝑦𝑙𝑎2−1𝑎*8)−2𝛽𝑎2−1𝑎8]+
+𝑧8[−2𝑖𝜔(k2)𝑎2−1𝑎8+2𝑖𝑘𝑦𝑚(𝑎*8𝑎8−𝑎*10𝑎10)+2𝑖𝑘𝑥𝑚(𝑎7𝑎8−𝑎9𝑎10)+𝑖𝑔(𝑘𝑦𝑐𝑎1𝑎*2−1−𝑘𝑦𝑙𝑎*1𝑎2−1)+
+2𝑓0𝑎2−1𝑎7]− 2𝑖𝑧9[𝜔(k𝑚)𝑎2−1𝑎9 + 𝑘𝑦𝑚∆ℎ0(𝑎7𝑎10 − 𝑎8𝑎9)]− 2𝑖𝑧10[𝜔(k𝑚)𝑎2−1𝑎10+
+𝑘𝑥𝑚∆ℎ0(𝑎8𝑎9 − 𝑎7𝑎10)]
The expression 𝑅 describes the influence of the stratification:
𝑅 = 𝑔[𝑧2𝛼𝑘𝑦𝑚(𝑘𝑥𝑙𝑎1𝑎
*
2−1 − 𝛼𝑘𝑥𝑐𝑎*1𝑎2−1) + 𝑧3𝑖(𝑘𝑦𝑐𝑎*1𝑎2−1 − 𝑘𝑦𝑙𝑎*2−1𝑎1)]
Here compositions 𝑎𝑖𝑎𝑗 = [𝑎
*
𝑖 (kl)𝑎𝑗(k𝑐) + 𝑎𝑖(k𝑐)𝑎
*
𝑗(k𝑙)]/2. If index 𝑚 = 1, then index
𝑙 = 2, index 𝑐 = 3 and 𝛼 = 1. If index 𝑚 = 2, then index 𝑙 = 1, index 𝑐 = 3 and 𝛼 = 1.
If index 𝑚 = 3, then index 𝑙 = 1, index 𝑐 = 2, 𝛼 = −1 and 𝑎*𝑖 = 𝑎(k1).
Let us analyze the interaction coefficients (51) - (53) in more detail. The terms in
each coefficient are divided into two similar in appearance expressions in curly brackets
and middle terms, that include the ratio of plasma layers densities. The terms in the first
curly bracket refer to the bottom layer of plasma, while the terms in the second curly
bracket refer to the top one. Middle terms describe the effects of stratification. Assuming
that one of the layer heights is zero, the densities are equal to each other (𝜌2 = 𝜌1) and the
component 𝑎2−1 of the complex wave vector a is equal to component 𝑎1, coefficients (51)
- (53) of interactions of three magnetic Rossby waves in an external magnetic field in the
approximation of two-layer shallow water transform into coefficients for three interacting
magnetic Rossby waves in an external vertical magnetic field in single-layer shallow water
[15].
For the equations of a stratified plasma in two-layer shallow water approximation in
the absence of an external magnetic field for the initial system, we obtain a similar set of
three equations with a difference in the coefficients 𝑝𝑛 and 𝑞𝑛:
𝑝′𝑛 = {ℎ01(𝑧1𝑎3 + 𝑧2𝑖𝑘𝑦𝑛(𝑔𝑎1 − 𝑎5𝐵𝑥01)−𝐵𝑥01(𝑧3𝑎6 + 𝑧4𝑎3 + 𝑧5𝑎4))}+
𝜌2
𝜌1
𝑧2𝑖𝑘𝑦𝑛𝑔ℎ01𝑎2−1+
+ {∆ℎ0(𝑧6𝑎7 + 𝑖𝑘𝑦𝑛𝑧7(𝑔𝑎1 − 𝑎9𝐵𝑥02)−𝐵𝑥02(𝑧8𝑎10 + 𝑧9𝑎7 + 𝑧10𝑎8))}
𝑞′𝑛 = {ℎ01(𝑧1𝑎4 + 𝑧2[−𝑖𝜔(k𝑛)𝑎3 − 𝑖𝑎5(𝐵𝑥01𝑘𝑥𝑛 + 2𝐵𝑦01𝑘𝑦𝑛) + 𝑖𝑘𝑥𝑛𝑔𝑎1 − 𝑓0𝑎4]+
+𝑧3𝑔(𝑎1 − 𝑎6𝐵𝑦01)− 𝑧4𝑎3𝐵𝑦01 − 𝑧5𝑎4𝐵𝑦01)}+
𝜌2
𝜌1
𝑎2−1ℎ01𝑔(𝑧2𝑖𝑘𝑥𝑛 + 𝑧3)+
+{∆ℎ0(𝑧6𝑎8 + 𝑧7[−𝑖𝜔𝑎7 − 𝑖𝑎9(𝐵𝑥02𝑘𝑥𝑛 + 2𝐵𝑦02𝑘𝑦𝑛) + 𝑖𝑘𝑥𝑛𝑔𝑎1 − 𝑓0𝑎8]+
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+𝑧8(𝑎1 − 𝑎10𝐵𝑦02)− 𝑧9𝑎7𝐵𝑦02 − 𝑧10𝑎8𝐵𝑦02}
For these expressions, as in the case of an external vertical magnetic field, the terms in
the first curly bracket refer to the bottom layer, the terms in the second curly bracket
refer to the top layer, and the middle terms decribe the effects of stratification. Since the
remaining coefficients will differ from those similar to the external vertical magnetic field
only by the components of the eigenvector z, then all previous conclusions are valid for
them, including the transition to similar coefficients in single-layer shallow water [15].
The system of equations (47) - (49) describes parametric instabilities in both cases
considered, both in an external vertical magnetic field and in a horizontal field [15],
[16]. Since the equations of three-wave interactions for a stratified fluid in the two-layer
approximation differ only in the interaction coefficients, the same parametric instabilities
that were found in [15] are realized in the two-layer model. The main difference in our case
is in the increments of parametric instabilities and threshold values, which now depend
on the ratio of densities.
In the case when the amplitude of one of the three waves at the initial moment is
much larger than amplitudes of two other waves (𝜑 = 𝜑0 ≫ 𝜓, 𝜒) the system (47) - (49)
becomes:
𝑠2𝜓 = 𝑓2𝜑
*
0𝜒
𝑠3𝜒 = 𝑓3𝜑0𝜓
Finding the solution of the system in following form (𝜓,𝜒)𝑇 = (𝜓′,𝜒)𝑇 exp(Γ1𝑇1), we get
the increment of this instability: Γ1 =
√︁
|𝑓2𝑓3|
|𝑟2𝑟3| |𝜑0| > 0.
This is the case of the decay of a magneto-Rossby wave with a wave vector ?⃗?1 and a
frequency 𝜔(?⃗?1) into two magneto-Rossby waves with wave vectors ?⃗?2, ?⃗?3 and frequencies
𝜔(?⃗?2) and 𝜔(?⃗?3) respectively.
Let us consider the opposite situation - amplification the magneto-Rossby wave with
wave vector ?⃗?1 and frequency 𝜔(?⃗?1) by magneto-Rossby waves with wave vectors ?⃗?2, ?⃗?3 and
frequencies 𝜔(?⃗?2), 𝜔(?⃗?3) respectively. This type of instability occurs when the amplitude
of one of the interacting waves is much smaller than amplitudes of the two other waves
(𝜑≪ 𝜓 = 𝜓0, 𝜒 = 𝜒00. Then the system (47)-(49) reduces to the equation:
𝑠1𝜑 = 𝑓1𝜓
*
0𝜒0.
Finding the solution of the equation 𝜑 = 𝜑′ exp (Γ2𝑇1) we get the amplification coefficient
of such an instability: Γ2 =
|𝑓1|
|𝑟1| |𝜓0𝜒0| > 0.
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In the case of parametric decay with linear damping, we write the system (47) - (49)
in the following form:
𝑠2𝜓 + 𝜂2𝜓 = 𝑓2𝜑
*
0𝜒
𝑠3𝜒 + 𝜂3𝜒 = 𝑓3𝜑0𝜓
where 𝜂2𝜓, 𝜂3𝜒 are attenuation terms. In this case the threshold value of the amplitude
of the pump wave is following: 𝜑0𝑐𝑟 =
√︁
𝜂2𝜂3|𝑟2𝑟3|
|𝑓2𝑓3| . From this value the instability with
increment Γ′1 =
√︁
|𝑓2𝑓3|
|𝑟2𝑟3|𝜑0𝑐𝑟 starts.
Similarly, for the case of parametric amplification, the system (47) - (49) reduces to
the equation:
𝑠𝑣1𝜑 + 𝜂1𝜑 = 𝑓1𝜓
*
0𝜒0
where 𝜂1𝜑 is an attenuation term. In this case the threshold value of the product of am-
plitudes of the pump waves is following: (𝜓*0𝜒0)
𝑐𝑟 = 𝜂1
|𝑟1|
|𝑓1| . From this value the instability
with increment Γ′2 =
|𝑓1|
|𝑟1|(𝜓
*
0𝜒0)
𝑐𝑟 starts.
5 Conclusion.
A nonlinear theory of flows of a thin layer of a stratified plasma in a field of gravity with a
free-surface in an external vertical magnetic field in the presence of rotation is developed.
Magnetohydrodynamic equations are obtained in the shallow water approximation when
plasma is divided into two layers of different densities. In the particular case of equal
heights and densities of each layer magnetohydrodynamic equations of two-layer shallow
water are reduced to the equations of single-layer shallow water in an external magnetic
field, obtained in [9], [14], [37]. It is shown that despite the two-component and two-
dimensional velocity fields in each of the layers, the magnetic field is three-component and
axisymmetric in the shallow water approximation. The developed theory is generalized
to the case of spherical flows in the beta-plane approximation for the Coriolis force. It
is shown that in the linear approximation, the resulting system allows rotation for the
magneto-Rossby waves, whose characteristics are modified by the ratio of the densities
of plasma layers. It is found that frequency modifications associated with stratification
reduce the group velocities of the magnetic Rossby waves in an external vertical magnetic
field and increase their phase velocities.
The obtained system of magnetohydrodynamic equations of a stratified plasma in the
two-layer shallow water approximation in the absence of an external magnetic field has
a solution in the form of a stationary toroidal-poloidal magnetic field. The dispersion
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equation in this approximation also has a solution in the form of magneto-Rossby waves,
modified by the density ratio. It was found that the frequency modification associated with
stratification also reduces group velocities of magneto-Rossby waves. Phase velocity has a
more complex behavior: for very small wave vectors (𝑘𝑥 < 1) the frequency modification
increases the phase velocity, while decreasing it for large values of the wave vector.
A qualitative analysis of the obtained dispersion relations shows the satisfaction of
phase matching condition for three interacting waves, both in the presence of an external
magnetic field and in its absence. Equations of three waves interactions are derived using
the assymptotic multiscale method in both considered cases. The possibility of parametric
instabilities is shown and their characteristics are found. Despite the universality of the
obtained equations of three-wave interactions, the coefficients of interaction as well as
characteristics of the found parametric instabilities are different for each considered case.
This work was supported by the Foundation for Development of Theoretical Physics
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